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The Rayleigh method is used to obtain relations giving the influence 
of the amount and direction of heat flow on the stability of a fluid 
between rotating cylinders. 

One of the ma in  p e c u l i a r i t i e s  of f luid flows sub jec ted  
to i n e r t i a  f o r c e  f i e lds  is  the exc i ta t ion  of s e c o n d a r y  
f lows which r a d i c a l l y  a l t e r  the na tu re  of the flow, 
the hea t  t r a n s f e r  condi t ions ,  and the flow f r i c t i on .  
Seconda ry  f lows r e s u l t  f r om nonuni formi ty  of the 
body f o r c e s  f ie ld  in the s y s t e m .  The  body force ,  
r e f e r r e d  to uni t  volume,  may  be e x p r e s s e d  in t e r m s  
of an i n e r t i a l  a c c e l e r a t i o n  j and f luid dens i ty  p: 

F = j O .  

T h e r e f o r e ,  s e c o n d a r y  f lows may  a p p e a r  only in 
s y s t e m s  in which j o r  P change,  

Depending on the na tu re  of the change in body 
f o r c e s  in a sy s t em,  it m a y  p r o m o t e  flow s t a b i l i z a t i o n  
o r  d e s t a b i l i z a t i o n .  F o r  example ,  in the flow of a 
f luid o v e r  a h o r i z o n t a l  su r f ace ,  the body f o r c e s  due 
to the EarthTs g r a v i t a t i o n a l  f i e ld  s t a b i l i z e  the  flow 
when the body f o r c e  and i t s  g r a d i e n t  have the s a m e  
d i r ec t ion ,  and, conve r se ly ,  have a d e s t a b i l i z i n g  in-  
f luence  when these  vec to r  quan t i t i e s  have oppos i te  
d i r e c t i o n s ,  

T a y l o r  [1] ana lyzed  the s t ab i l i t y  of mot ion  of a 
f luid be tween  ro t a t i ng  c y l i n d e r s  unde r  i s o t h e r m a l  
condi t ions  by a p e r t u r b a t i o n  method,  and ob ta ined  
good a g r e e m e n t  be tween  t heo ry  and e x p e r i m e n t .  An 
a t t emp t  was  made  in [2] to ex tend the s m a l l  p e r -  
t u rba t i on  method  to n o n i s o t h e r m a l  condi t ions .  The 
a u t h o r s  i i m i t e d  a t ten t ion  to the ea se  of a m o t i o n l e s s  
o u t e r  cy l inde r ,  a s s u m e d  a l i n e a r  t e m p e r a t u r e  d i s -  
t r i bu t ion  with r ad ius ,  and r e p r e s e n t e d  the r e s u l t s  
of the t h e o r e t i c a l  i nves t i ga t i on  by the f o r m u l a  

T~a = ( 1 - - 1  ~ A L p r )  -~ 
Tao 4 -  

(1) 

We sha l l  ana lyze  the s t a b i l i t y  of mot ion  of a f lu id  
be tween  ro t a t i ng  c y l i n d e r s  u n d e r  i s o t h e r m a l  con-  
d i t ions  by the Ray le igh  method,  d e s c r i b e d  in [3]. 

In th is  me thod  no account  is  taken  of t he  inf luence  
of v i s c o s i t y  on the na tu r e  of the mot ion  of r a n d o m l y  
moving  f luid p a r t i c l e s ,  and t h e r e f o r e  the m o m e n t  of 
m o m e n t u m  of the p a r t i c l e s  is  taken  to be cons tan t  

in th is  kind of mot ion .  
If volume Av of f luid with dens i t y  p is  d i s p l a c e d  

f r o m  r a d i u s  r 0 to r > r0, the cen t r i f uga l  f o r c e  ac t i ng  
o n  i t  wil l  be 

2 3 [:, = Mo/h v f~, r', (2) 

and the f o r c e  d e t e r m i n i n g  the p r e s s u r e  g rad i en t  and 
holding the ro ta t ing  f luid in equ i l i b r ium at the new 
r ad iu s  i s  

F = MVAv p r ~. (3) 

a s  

Here  p (ur) 2 is  the moment  of m o m e n t u m .  
The  s t ab i l i t y  condi t ion m a y  t h e r e f o r e  be wr i t t en  

M2/p - -  Mo/po > 0  

o (ur) ~ - -  po (Uoro) ~ > 0 .  (4) 

By expanding the funct ion o(ur) 2 in a T a y l o r  s e r i e s  
in pos i t ive  d i f f e r e n c e s  r - r0, and l i m i t i n g  i t  to two 
t e r m s  of the expansion,  we find that  the s t ab i l i t y  
condi t ion m a y  be w r i t t e n  as  

o r ,  

d P(ur)2 > 0  (5) 
dr 

1 d(ur) ~ _~_ l l_  d p p > 0 .  (6) 
(ur) 2 dr p dr 

I t  m a y  be seen  f r o m  th is  f o r m u l a  that  fo r  a p o s i -  
t ive  de ns i t y  g r a d i e n t  ( t e m p e r a t u r e  d e c r e a s e  with 
r ad ius ) ,  the n o n i s o t h e r m a l  f e a t u r e  i n c r e a s e s  the 
s t a b i l i t y  of the motion,  whi le  fo r  a nega t ive  g r a d i e n t  
it  p r o m o t e s  flow d e s t a b f l i z a t i o n .  

We sha l l  u se  (6) to ana lyze  the s t a b i l i t y  of a f luid 
l oca t ed  be tween  r o t a t i n g  c y l i n d e r s  in the p r e s e n c e  of 
r a d i a l  hea t  f low.  In the a bse nc e  of ax ia l  d i s p l a c e -  
men t  and with f luid v i s c o s i t y  independent  of t e m p -  
e r a t u r e ,  the  r a d i a l  d i s t r i b u t i o n  of p e r i p h e r a l  ve loc i ty  
is  given by  [4] 

u = ,o~ (At + rg B/r), (7) 

w h e r e  

- - 2  - -  - - 2  __ _ _ 9  

A = (r2 - -  ~1)/(r2 - -  1); B = (~ol - -  1)/(r? - -  1 ). 

With the a id  of (7), the f i r s t  t e r m  of (6) i s  found 

to be 

1 d (ur) 2 1 4 r  

. r  dr  = ,.U Y - c  - 
( s )  
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Here  

C = B/A = ( ~ ) 1 -  1 ) / ( r~  - -~1)1) .  

The dens i ty  change in the s y s t e m  may  be eva lua ted  
by means  of the vo lume t r i c  expans ion  fl. F o r  the 
pos i t ive  and negat ive  hea t  f luxes  we sha l l  a s s u m e  the 
fol lowing dependences  of p = f (t): 

p = p2/[l + ~ (t --t~)l, (9) 

p = p,/[I + ~ (t - - t &  (10) 

Confining our  examina t ion  to s m a l l  gaps  be tween 
the cy l i nde r s ,  we sha l l  use  a l i n e a r  r e l a t i on  be tween 
t e m p e r a t u r e  and r a d i u s  

t=:: a -k br. (11)  

F o r m u l a s  (9), (10), and (11) a l low d e t e r m i n a t i o n  
of the second  t e r m  of (6). When q > 0 and q < 0 we 
obtain 

1 dp 1 K 
- {12) 

p ~/r r2 l + K ( l - - r )  

I d,o 1 K 

p dr h l + K ' l _ _ r  ' (13) 

H e r e  K is  a d i m e n s i o n l e s s  g roup  c h a r a c t e r i z i n g  
the magni tude  and d i r e c t i o n  of the hea t  load: 

/ < = - ~ r , b  = - ~ 1 - ~  = A 1'~q. (14) 
a1" )~ 

T h e r e f o r e ,  in a c c o r d a n c e  with (6), the condi t ion 
for  s t ab le  mot ion  of the f luid t akes  the fo rm:  
when q > 0 

when q < 0 

47 K 
: + c  -~ l + K ( i - - ~  >0; (15) 

47 K 
+ ~- o. (16) 

-/" + C  l+  K(1 /h - - r )  

By equat ing (15) and (16) to ze ro ,  we find the 
c r i t i c a l  r e l a t i o n  for  ve loc i ty  ~ ,  c o r r e s p o n d i n g  to 
the l i m i t  of s t ab i l i ty :  
when q > 0 

; ;  = ( R T i -  K)/(R - -  K), (17) 

when q < 0 

:,,; : :  (sT~ - K)/(s - K ) .  

H e r e  

_ o  2 
R=4r(1-{-K)--3r'K, S ~(1- ' ,  K / r : ) - - ~ K .  

(is) 

I n c r e a s e  of p a r a m e t e r  ~1 is a c c o m p a n i e d  by 
i n c r e a s e  of the g r a d i e n t  of the body f o r c e  in the 

d i r ec t ion  of the ax i s  of rota t ion,  and p r o m o t e s  flow 
d e s t a b i l i z a t i o n .  The mot ion wil l  t h e r e f o r e  be s tab le  
if  ~ < ~*. 

F o r  an i s o t h e r m a l  flow r e g i m e  (K = 0), f o r m u l a s  
(17) and (18) r educe  to the wel l -known r e l a t i on  b e -  
tween r a t i o  of angu la r  ve loc i t i e s  and c y l i n d e r  r a d i i  
[3] 

--* --'2 
mj.--  r.,. (19)  

It may  be seen  f rom (17) and (18) that  the c r i t i c a l  
angu la r  ve loc i ty  r a t io  depends  on the r ad iu s  at which 
the f luid mot ion is examined  (Fig .  l a ) .  As is  seen  
f rom the f igure ,  pos i t ive  hea t  flux, which c r e a t e s  
negat ive  dens i ty  gradient ,  e n l a r g e s  the reg ion  of 
s t ab l e  r e g i m e s  of motion,  while negat ive  hea t  f lux 
cause s  this  r eg ion  to con t r ac t .  

When the hea t  f luxes  a r e  sma l l ,  l o s s  of s tab le  
mot ion  o c c u r s  s imu l t aneous ly  ove r  the whole sec t ion  
of the gap.  When the abso lu te  va lues  of hea t  flux a r e  
l a rge ,  the l iquid l a y e r s  n e a r  the ou te r  c y l i n d e r  p rove  
to be the mos t  s t ab l e .  T h e r e f o r e ,  by put t ing r -= 1 
in (17) and (18), we obtain the c r i t i c a l  angu la r  ve l -  
oc i ty  r a t i o  c o r r e s p o n d i n g  to loss  of f luid mot ion  
s t ab i l i t y  in the e n t i r e  gap (F ig .  l b ) .  

The change of flow s t ab i l i t y  due to t h e r m a l  ac t ion  
m a y  be d e s c r i b e d  by the r a t i o  r F o r  q > 0 and 
--=r 1, we have,  f rom (17) and (19) 

- -  - - 2  

to~ = 1 +  1 K r2- -1  
--2 

r176 4 1'2 
(20) 

When c o m p a r i n g  s y s t e m s  unde r  i s o t h e r m a l  and 
n o n i s o t h e r m a l  condi t ions ,  the c r i t i c a l  r e g i m e s  m a y  
be eva lua ted  a c c o r d i n g  to the value of angu la r  ve l -  
oc i ty  of the inner  cy l inde r ,  for  iden t i ca l  ve loc i ty  of 
the ou te r .  Then (20) t akes  the fo rm 

= l -F -~  (21) 
(t}la 4 2 

In c o n t r a s t  to {1), th is  equat ion d e s c r i b e s  the 
inf luence of hea t  f lux on s t a b i l i t y  of the f luid fo r  any 
angu la r  ve loc i ty ,  whose value mus t  be taken into 
account  when c0~0 is  def ined .  

S i m i l a r y ,  fo r  q < 0 a n d u  = 1, we obta in  

~ [,__, )] )',22, 
(0] o 4 r2 I'2- " 

Let  us  c o m p a r e  the r e s u l t s  ob ta ined  with (1). 
F o r  an o u t e r  c y l i n d e r  a t  r e s t  we have 

* * 2 Ta/Ta0 (~]%~ . (23) 

F o r t  = 1, a l lowing for  (21), we obta in  

--9 

T a = |-)- ~ K ,_, " 

Ta0 ' 4 r2 ' 
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F i g .  1. a) D e p e n d e n c e  of c r i t i c a l  a n g u l a r  v e l o c i t y  
r a t i o  ~1" o r u  w h e n u  z = 1.5 and b) o n u  2 w h e n T  = 
= 1.0 f o r  v a l u e s  of K equa l  to 100;  10;  1; 0; - 1 ;  

- 1 0 ; - 1 0 0  (1 -7 ,  r e s p e c t i v e l y ) .  

F o r  c o n v e n i e n c e  of  c o m p a r i s o n  of  th is  e x p r e s s i o n  
with  (1), we m a y  put it  in the f o r m  

- -  _ ( 2 5 )  
Tao , r~ 

w h e r e  

A t  = I t - - t 2 .  

= f(r I, r2)--dimensionless geometrical characteristic ; Pr--Prandtl 
number; q-heat  load; rl, r z --radii of inner and outer cylinders, 
respectively; t in-mean gap radius; r" = r/r z ; F z = r 2/rl; Ta = 
= wlSrm(rz - rl)/u 2 1/P--critical value of modified Taylor number 
under nonisothermaI conditions; Tao--the same under isothermal 
conditions; At = t 1 - t 2 ; h--temperature of inner cylinder surface; 
t 2 -temperature of outer cylinder surface; u--cixcular velocity; p -  
fluid density; ~ 'angular velocity; col-angular velocity of inner 
cylinder; ~z--angular velocity of outer cylinder; co 1 = c~l/~z; Yzf-- 
critical ratio of angular velocities. 

T h e r e  a r e ,  u n f o r t u n a t e l y ,  v e r y  few t e s t  da t a  that  
cou ld  s e r v e  to check  the  r e l a t i o n s  o b t a i n e d .  

B e c k e r  and K a y e  [5] h a v e  g e n e r a l i z e d  the  r e s u l t s  
of  t h e i r  t e s t s  and t hose  of  B j e r k l u n d  and K a y e  on 
a i r  h e a t  t r a n s f e r  in the gap b e t w e e n  c y l i n d e r s ,  the 
i n n e r  one of wh ich  r o t a t e d  w h i l e  the o u t e r  was  at  
r e s t .  T h e y  found that  u n d e r  n o n i s o t h e r m a l  cond i t ions ,  

wi th  a h e a t  f lux  d i r e c t e d  f r o m  the i n n e r  c y l i n d e r  to 
the  o u t e r ,  T a / T a 0  = 1 - 1 . 1 7 .  C a l c u l a t i o n  of  the  r a t i o  

of c r i t i c a l  T a y l o r  n u m b e r s  a c c o r d i n g  to the  da t a  of  
[5] ( A t = 3 0  ~ r 2=  1.24), wi th  the  a id  of (1) and (25), 
g i v e s  1.02 and 1.085, r e s p e c t i v e l y .  T h e r e f o r e  to 
c h e c k  the  t h e o r e t i c a l  r e l a t i o n s  we  r e q u i r e  e x p e r i -  
m e n t a l  i n v e s t i g a t i o n s  a t  l a r g e  h e a t  l oads  and wi th  

v a r i o u s  h e a t  f lux  d i r e c t i o n s .  

NOTATION 

F--body force, referred to unit  vo lume ;  j - - i ne r t i a l  acce le ra t ion ;  

K = (B/k)r2q-dimensionless  group; M - m o m e n t  of m o m e n t u m ;  P = 
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